Abstract. We prove that if M n is a compact Riemannian n-manifold and if , then M is diffeomorphic to a spherical space form. In particular, if M is a compact simply connected manifold with K ≤ 1 and Ric M > (n − 1)τ n , then M is diffeomorphic to the standard n-sphere S n . We also extend the differentiable sphere theorem above to submanifolds in Riemannian manifolds with codimension p.
Introduction and main results
In 1989, Shen [14] obtained the following important topological sphere theorem for manifolds of positive Ricci curvature (see also [16] ). A natural question related to Shen's sphere theorems is as follows.
Question. Can one prove a differentiable sphere theorem for manifolds satisfying similar pinching condition?
In 1966, Calabi (unpublished) and Gromoll [8] first investigated the differentiable pinching problem for positive pinched compact manifolds. During the past four decades, there has been much progress on differentiable pinching problems for Riemannian manifolds and submanifolds [1, 2, 5, 16] . In 2007, Brendle and Schoen proved a remarkable differentiable sphere theorem [6, 7] for manifolds with quarter pinched curvature in the pointwise sense. Recently Brendle [3] 
exists for all time and converges to a constant curvature metric as t → ∞. Here r g(t) denotes the mean value of the scalar curvature of g(t).
Denote by H and S the mean curvature and the squared length of the second fundamental form of M , respectively. Let K(π) be the sectional curvature of N for the tangent 2-plane π(⊂ T x N ) at the point x ∈ N . Set
min (x) the minimum of the k-th Ricci curvature of N at the point x ∈ N . The geometry and topology of the k-th Ricci curvature were initiated by Hartman [10] in 1979 and developed by Wu [18] , Shen [14, 15] and others.
In this paper, we investigate the differentiable pinching problem for compact submanifolds in Riemannian manifolds with codimension p(≥ 0). Using Brendle's convergence theorem for the Ricci flow, we prove a differentiable sphere theorem for manifolds with lower bound for Ricci curvature and upper bound for sectional curvature, which is an answer to our question. We first prove the following differentiable sphere theorem for general submanifolds.
Moreover, we get the following differentiable sphere theorem.
Let K(π) be the sectional curvature of M for the tangent 2-plane π ⊂ T x M at the point x ∈ M , and let Ric(u) be the Ricci curvature of M for the unit tan- (u) . We obtain the following differentiable sphere theorem for Riemannian manifolds with pinched curvatures in the pointwise sense.
Notation and formulas
We shall make use of the following convention on the range of indices:
For an arbitrary fixed point x ∈ M ⊂ N , we choose an orthonormal local frame field {e A } in N n+p such that the e i 's are tangent to M . Denote by {ω A } the dual frame field of {e A }. Let
be the Riemannian curvature tensors of M and N , respectively. Denote by h the second fundamental form of M . When p = 0, h is identically equal to zero. When
The squared norm S of the second fundamental form and the mean curvature H of M are given by
Then we have the Gauss equation
Denote by Ric(·) and Ric(·) the Ricci curvature of M and N , respectively. Set 
Ric(u).

For any unit tangent vector
u ∈ U x M at the point x ∈ M, let V k x be a k-dimensional subspace of T x M satisfying u ⊥ V k x . Choose an orthonormal basis {e i } in T x M such that e j 0 = u, span{e j 1 , . . . , e j k } = V k x , where the indices 1 ≤ j 0 , j 1 , . . . , j k ≤ n are distinct from each other. We set Ric (k) (u; V k x ) = Ric (k) (e j 0 ; e j 1 , . . . , e j k ) = k s=1 R j 0 j s j 0 j s , (2.2) Ric (k) (u) = min u⊥V k x ⊂T x M Ric (k) (u; V k x ), (2.3) Ric (k) min (x) = min u∈U x M Ric (k) (u) = min u∈U x M min u⊥V k x ⊂T x M Ric (k) (u; V k x ). (2.4) Definition 2.1. We call Ric (k) (u; V k x )
We define the k-th Ricci curvature and the minimum of the k-th Ricci curvature of N at the point x ∈ N as follows:
Denote by K(π) the sectional curvature of M for the tangent 2-plane π(⊂ T x M ) at the point x ∈ M and by K(π) the sectional curvature of N for the tangent
for all distinct indices i, j, k, l, and
3. Proof of the theorems Proof. When p = 0, it is easy to see from (2.2) that
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Then we have 4 } is an orthonormal four-frame and λ ∈ R. From (2.2), (2.8) and (3.1) we obtain
Similarly we get
From (3.2), (3.3) and the assumption we obtain
Hence the assertion follows from Theorem B. When p ≥ 1, it is easy to see from (2.5) that
This together with (3.6) implies
where t = s. Suppose {e 1 , e 2 , e 3 , e 4 } is an orthonormal four-frame and λ ∈ R. From (2.1), (2.5), (2.9), (3.5) and (3.7) we get
Similarly we obtain (3.9)
It follows from (3.8), (3.9) and the assumption that
This together with Theorem B implies that M is diffeomorphic to a spherical space form. In particular, if M is simply connected, then M is diffeomorphic to S n . This completes the proof of Theorem 3.1.
Theorem 3.2. Let M be a 3-dimensional complete submanifold in a Riemannian
Proof. When p = 0, the assertion follows from the theorems due to Hamilton [9] and Schoen and Yau [13] . When p ≥ 1, for any unit tangent vector u ∈ U x M at x ∈ M , we choose an orthonormal three-frame {e 1 , e 2 , e 3 } such that e 3 = u. From (2.1), (2.5) and (3.7)
we obtain
This together with the assumption implies that Ric M > 0. It follows from the theorems of Hamilton [9] and Schoen and Yau [13] that M is diffeomorphic to a spherical space form or R 3 . This proves Theorem 3.2.
Proof of Theorem 1.1. From (3.4), (3.10), (3.11) and the assumption, it follows that there exists an > 0 such that
min ≥ . By the classical Myers theorem, we know that M is compact. This together with Theorems 3.1 and 3.2 implies M is diffeomorphic to a spherical space form. In particular, if M is simply connected, then M is diffeomorphic to S n . This completes the proof of Theorem 1.1.
Proof of Theorem 1.2. When p = 0, the assertion follows from Theorem 1.1.
When p ≥ 1, setting
Note that for distinct t, s, l
This together with (3.12) implies
When n = 3, for any unit vector u ∈ U x M at x ∈ M , we choose an orthonormal three-frame {e 1 , e 2 , e 3 } such that e 3 = u. From (2.1), (2.5) and (3.13) we obtain
(3.14)
When n ≥ 4, suppose {e 1 , e 2 , e 3 , e 4 } is an orthonormal four-frame and λ ∈ R. From (2.1), (2.5), (2.9), (3.5) and (3.13) we get
From (3.15) and (3.16) we obtain
(3.17)
From (3.14), (3.17) and the assumption, it follows that there exists an > 0 such that
min ≥ . By the classical Myers theorem, we know that M is compact. Moreover, we have Ric M > 0 when n = 3 and R 1313 + λ 2 R 1414 + R 2323 + λ 2 R 2424 − 2λR 1234 > 0 when n ≥ 4. This together with Hamilton's theorem [9] and Theorem B implies M is diffeomorphic to a spherical space form. In particular, if M is simply connected, then M is diffeomorphic to S n . This proves Theorem 1.2.
The following sphere theorem for 3-dimensional submanifolds follows from the proof of Theorem 1.2 and Schoen-Yau's theorem [13] .
By a direct computation, we have the normalized Ricci curvatures of the compact rank one symmetric spaces (CROSS) with standard metrics: When n = 4, Theorem 1.3 provides an affirmative answer to Conjecture A. We would also like to propose the following: for n = 4k ≥ 8, k = 4, 3 5 for n = 16.
Then M is either diffeomorphic to S
n or isometric to a compact rank one symmetric space.
